We completely determine the residual automorphic representations coming from the torus of odd orthogonal groups. Under certain technical assumption on disconnected groups, our results are valid for symplectic groups and even orthogonal groups. Moeglin has determined the residual spectrum attached to the trivial character of the torus for split classical groups. However, non-trivial characters present some nontrivial difficulties, both local and global. Local problems are resolved in a companion paper with C. Jantzen, where many other useful results are obtained.
Introduction.
Let F be a number field and A its ring of adeles. Let G be a reductive group defined over F . For simplicity we assume that the center of G is anisotropic over F . A central problem in the theory of automorphic forms is to decompose the right regular representation of G(A) acting on the Hilbert space L 2 (G(F )\G(A)). It has continuous spectrum and discrete spectrum.
cont (G(F )\G(A)). We are mainly interested in the discrete spectrum. Main contributions have been made by Langlands and Arthur. First of all Langlands described, using his theory of Eisenstein series, an orthogonal decomposition of this space of the form:
where (M, π) is a Levi subgroup with a cuspidal automorphic representation π taken modulo conjugacy (here we normalize π so that the action of the maximal split torus in the center of G at the archimedean places is trivial) and L 2 dis (G(F )\G(A)) (M,π) is a space of residues of Eisenstein series associated to (M, π) . Here we note that the subspace (G,π) , is the space of cuspidal representations L 2 cusp (G(F )\G(A)). Its orthogonal complement in L 2 dis (G(F )\G(A)) is called the residual spectrum and we denote it by L 2 res (G(F )\G(A)). Therefore we have an orthogonal decomposition
res (G(F )\G(A)). Arthur described, motivated by his trace formula, described a conjectural decomposition of this space as follows:
where ψ runs, modulo conjugacy, through the set of morphism ψ : L F × SL 2 (C) −→ G * , where L F is the conjectural tannakian group, G * is the Langlands' L-group and ψ satisfies certain conditions; in particular, ψ restricted to SL 2 (C) is algebraic, ψ restricted to L F parametrizes a cuspidal tempered representation of a Levi subgroup and the image of ψ is not included in proper Levi subgroups. The space L 2 (G(F )\G(A)) ψ is defined by local data (3.3). Let Π res v be the set of the local components of the residual spectrum L 2 dis (G(F )\G(A)) (M,π) . It is of great importance to prove that Π res v ⊂ Π ψv for some ψ v and the multiplicity formula (3.1) holds: In other words, the Arthur parameters parametrize the residual spectrum. For this, it is necessary to construct a set of characters C res v ⊂ C ψv attached to Π res v . We should note that Arthur's trace formula will not separate the cuspidal part from the residual one and therefore one needs to study the residual spectrum by computing the residues of Eisenstein series. It is noted that the first exotic example of the residual spectrum of the split group G 2 , which was discovered by Langlands and further studied later by Moeglin and Waldspurger, has been of significance to Arthur in formulating his conjectures.
There are two problems in calculating the residual spectrum. The first problem is global. It is concerned with calculating the residues of the Eisenstein series via the constant term of the Eisenstein series. Computing residues of Eisenstein series is a very difficult problem and requires both the knowledge of the poles of corresponding automorphic L-functions, as well as handling very difficult computational combinatorics. These computations are already highly non-trivial even for rank 2 split groups. For example, for the split group G 2 , the Eisenstein series, built out of the maximal parabolic subgroup attached to the long simple root, contains the third symmetric power L-function of GL 2 . The precise location of the poles of the third symmetric power L-function was resolved only in the recent work of (see the introduction of the paper for the long history). The Eisenstein series built out of the minimal parabolic subgroups do not present a problem with regards to poles of automorphic L-functions since the L-functions are Hecke L-functions. However, in this case, cancelation of poles of the normalized intertwining operators presents a problem. Even for Sp 4 [Ki1] , one has to use a non-trivial fact on the subtle analysis of the normalized intertwining operators for SL 2 due to Labesse-Langlands [L-La] . The second problem is local. It is concerned with calculating the image of the normalized local intertwining operators of the generalized principal series. While the unitary principal series are well understood thanks to the Knapp-Stein R-group theory, the generalized principal series are not. Moeglin's result [M1] on the unramified principal series of the split classical groups seems to be most satisfactory so far.
At this moment, the most satisfying result about the residual spectrum is due to who completely determined the residual spectrum for GL n and Arthur [A2] gave the Arthur parameters for them. Their result is that the residual spectrum for GL n is parametrized by the cuspidal representations of GL m and the principal unipotent orbit of GL n m (C) , where m|n. As we observed, Arthur's parameters require the introduction of the hypothetical group L F . However, there are parts of it that can be parametrized by our existing knowledge. This is the case in particular, if the Eisenstein series is built out of minimal parabolics. In this case, L F can be replaced by the global Weil group W F . Therefore, we will restrict ourselves to the study of L 2 dis (G(F )\G(A)) (T,χ) , where T is a maximal split torus and χ is a unitary character of T .
When G is a split classical group and χ is trivial, Moeglin [M1] completely solved the problem with the restriction that archimedean components are spherical. In this case the Arthur parameter is given by
where ψ| W F = 1 and ψ| SL 2 (C) is determined by a distinguished unipotent orbit of G * . Recall that the Springer correspondence is an injective map from the set of irreducible characters of W , the Weyl group, into the set of pairs (O, η) , where O is a unipotent orbit and η is an irreducible char- where C(u) is the centralizer of u in G * . Let Springer (O) be the set of characters of A(u) which are in the image of the Springer correspondence. Then Moeglin's result is that the local components of the residual spectrum are parametrized by the distinguished unipotent orbits O of G * and Springer (O). Let U nip(O) be the set of the local components of the residual spectrum. Then there is a pairing between U nip(O) and Springer (O) which gives a desired Arthur's multiplicity formula (3.2).
Moeglin [M4] also constructed the local representations associated to the remaining characters of A(u) which are NOT in Springer (O). These should be local components of cuspidal representations. She [M5] obtained a partial result on how to determine when π ∈ Π ψ is a cuspidal representation. It would be an important but a difficult problem. We note that Lusztig [Lu] has a theory of the generalized Springer correspondence which gives the remaining characters of A(u).
In this paper, we will extend Moeglin's result when χ is an arbitrary unitary character of T . For simplicity, we will describe the result for G = Sp 2n . Because the result in [Ja-Ki] for Sp 2n , O 2n is not complete, our result for Sp 2n is not complete. This is due to the fact that Barbasch-Moy's result is not available for disconnected groups like O 2n . However, we obtain a complete result for SO 2n+1 . Nevertheless, the symplectic group case will illustrate the technique and the heart of the matter.
As in [M1] , we use G * = O 2n+1 (C) to denote its dual group. Let µ 1 , . . . , µ k be k distinct non-trivial quadratic grössencharacters of F . Fix integers r 1 ≥ · · · ≥ r k ≥ 2 and r 0 so that
). We showed in [Ki-Sh] that only the character of the above type contributes to the residual spectrum. The character χ defines a homomorphism of the Weil group W F into a Cartan subgroup of SO 2n+1 (C) . Composing this homomorphism with the standard action of O 2n+1 (C) on C 2n+1 will then give a completely reducible representation of W F on C 2n+1 which decomposes according to eigenvalues µ 1 , . . . , µ k , and 1, with multiplicities 2r 1 , . . . , 2r k , and 2r 0 + 1, respectively. Write
the eigenspace attached to eigenvalue µ i , 1 ≤ i ≤ k, and V 0 is the trivial eigenspace of dimension 2r 0 + 1. In this way we get an embedding of
. Then Arthur parameter of interest to us is a homomorphism
The unipotent orbits O i determine, through the Jacobson-Morozov's theorem, certain conjugacy class of unramified characters of T . Let λ 0 = λ 1,0 + . . . + λ k,0 + λ 0,0 be the one in the positive Weyl chamber. To ψ, Arthur associates a Langlands' parameter φ ψ :
where φ ψ (w) = ψ w, |w| [Ki-Sh] , we studied the special case when O i is the unipotent orbit of the form (2r i − 1, 1) for i = 1, . . . , k and O 0 is of the form (2r 0 + 1). This is the opposite of the trivial character case. In this case, we showed that the local components of the residual spectrum in Π φ ψ are parametrized by the Knapp-Stein R-group of the unitary principal series Keys-Shahidi pairing [Ke-Sh] gives a desired multiplicity formula (3.2). We note that the method of [Ki-Sh] can only prove "if" part in (3.2). We need the inner product of pseudo-Eisenstein series to prove "if and only if."
In general case, the Knapp-Stein R-groups are not enough. Our result is that the local component of the residual spectrum C res v is parametrized by the unipotent orbits 
where O is a unipotent orbit of Sp(2(r 1 + r 2 ), C) by combining O 1 , O 2 . In Section 6, we show that the calculation of the residues of the Eisenstein series is reduced to that of the Eisenstein series of O 2r 1 ×· · ·×O 2r k ×Sp 2r 0 attached to the trivial character. There remains a local problem of calculating the image of the normalized local intertwining operators. This has been taken care of by [Ja-Ki] , under some assumptions that Barbasch-Moy's result holds for disconnected group O 2n . Therefore for symplectic groups, the result is not complete. We review the result in Section 6.
In Section 3, we review quadratic unipotent Arthur parameters and Moeglin's reformulation of Arthur's conjecture on the multiplicity formula. In Section 4, we review Eisenstein series and pseudo-Eisenstein series in the sense of [M-W1] attached to a character of a Borel subgroup. In Section 7, we show how automorphic representations obtained by Kudla-Rallis [Ku-Ra] by considering degenerate principal series, are fit as a special case. In Section 8, we explain how the result in [Ki-Sh] is fit as a special case.
Preliminaries.
Let F be a field and let G = SO 2n+1 , Sp 2n or SO 2n over F . Let J n be the n × n matrix given by
and
In each case we let T be the maximal split torus consisting of diagonal matrices in G. Then Sp(2n) or SO(2n), and
Let Φ(G, T ) be the roots of G with respect to T . We choose the ordering on the roots so that the Borel subgroup B is the subgroup of upper triangular matrices in G. Let ∆ be the simple roots in Φ(G, T ) given by ∆ = {α j } n j=1 , with α j = e j − e j+1 for 1 ≤ j ≤ n − 1, and
We let , be the standard Euclidean inner product on Φ(G, T ). If Φ is a root system of type B n , C n , or D n , then we denote by G(Φ) the split group with root system Φ.
For G = SO(2n + 1) or Sp(2n) , the Weyl group W (G/T ) S n Z n 2 . S n acts by permutations on the λ i , i = 1, . . . , n. We will use standard cycle notation for the elements of S n . Thus (ij) interchanges λ i and λ j . If c i is the non-trivial element in the i-th copy of Z 2 then c i takes λ i to λ
S n acts by permutations on the λ i , and Z n−1 2 acts by even numbers of sign changes. The requirement that the number of sign changes be even comes from the determinant condition in SO(2n). Note that the sign change c i is an element of O(2n) and normalizes T (F ). Each c i acts on SO(2n) by conjugation, and c n induces the non-trivial graph automorphism on the Dynkin diagram of Φ(G, T ).
Unipotent orbits of classical groups over C.

Theory of Jordan normal forms implies that a unipotent matrix in GL
is the p × p Jordan matrix with entries 1 just above the diagonal and the diagonal and zero everywhere else. Therefore unipotent classes in GL N are in 1 to 1 correspondence with partitions λ of N . We use the following standard notation for λ: λ = (1 r 1 , 2 r 2 , 3 r 3 , . . . ), where r j is the number of p i equal to j. (C) ). We start with the following facts:
(1) X, X ∈ G are conjugate in G if and only if they are conjugate in GL N , N = 2n + 1 or 2n. (2) Let X ∈ GL N be unipotent. Then X is conjugate to an element of G if and only if r i is even for even i in the orthogonal case and for odd i in the symplectic case.
Therefore for G = O 2n+1 (C) , unipotent classes are in 1 to 1 correspondence with partitions λ of 2n + 1 such that r i is even for even i. Let u be a unipotent element in G and let S u be its centralizer in G. Then we have:
, where k is the number of odd (resp. even) i such that r i > 0.
Here we note that for G = GL N (C), the centralizer Z G (S) is connected for any subset S of G.
We say that a unipotent element u is distinguished if all maximal tori of Cent (u, G) are contained in the center of G • , the connected component of the identity. This is equivalent to the fact that the unipotent orbit O of u does not meet any proper Levi subgroup of G (Spaltenstein [Sp, p. 67] 
Therefore, O is a distinguished unipotent class if and only if it has Jordan blocks (1 r 1 , 3 r 3 , 5 r 5 , . . . ), where r i = 0 or 1.
Jacobson-Morozov Theorem. Suppose u is a unipotent element in a semi-simple algebraic group G. Then there exists a homomorphism φ :
Here, replacing φ by a conjugate under G, we can assume that φ a 0 0 a −1 is in the closure of the positive Weyl chamber in the maximal torus. In fact, by the theory of weighted Dynkin diagrams (cf. Section 5.6 of [C] ), φ a 0 0 a −1 is uniquely determined by the unipotent orbit of u as follows (Carter [C, p. 395] 
We then take the union of these sets for all d i and write this union as ( Cent(u, G) and U u be the unipotent radical of S u . Then:
Lemma ([B-V, Prop. 2.4]). Let u be a unipotent element and φ : SL
2 −→ G be a homomorphism such that φ 1 1 0 1 = u. Let S φ = Cent(imφ, G) ⊂ S u =(1) S u = S φ · U u , a semi-direct product. S φ is reductive. (2) The inclusion S φ ⊂ S u induces an isomorphism between S φ /S • φ Z G and S u /S • u Z G .
Quadratic unipotent Arthur parameters.
We follow Moeglin [M3] . Let F be a number field and let W F be the global Weil group of F . Let G = Sp 2n , SO 2n+1 , O 2n and we can take the dual group (1), and (4), the action of ψ(W F ) gives an orthogonal decomposition: 
(1) W F is mapped into the product of centers of
where {±1} is the center of
where O i is a unipotent orbit of G * i . Inside O i we fix an element u i such that
Let S ψ = Cent(imψ, G * ) and
We know that S ψ is a maximal reductive subgroup of 
, where t is the number of i with r i > 0 in Jordan blocks.
For each place v of F , we have a map ψ v = ψ| W Fv ×SL 2 (C) . As in global case, we can then define S ψv . But in the local case, µ iv may not be distinct. Suppose µ 1v = µ 2v = µ iv for i = 3, . . . , k and µ 1v = 1. Then in the above formula,
• must be replaced by
where 
We define the global Arthur packet Π ψ to be the set of irreducible rep-
Arthur's Conjecture (Global).
( 
). Remark 3.1. For split classical groups, C ψ is abelian and Moeglin [M2] proved the multiplicity formula (3.2). However, in general, C ψ is not abelian. For example, in the case of split exceptional group of type G 2 , C ψ can be S 3 , the symmetric group on 3 letters. This fact leads to a "bizarre" multiplicity formula in Moeglin-Waldspurger's work on the residual spectrum of
Let Π res v be the subset of Π ψv which consists of the local components of the residual spectrum. It is of great importance to parametrize the elements in Π res v and prove the multiplicity formula (3.1), i.e., we will construct a set of characters C res v ⊂ C ψv and each character of C res v gives an element in Π res v .
Remark 3.2. To any Arthur parameter ψ, Arthur associates a Langlands' parameter φ ψ : W F −→ G * as follows:
It is a part of Arthur's original local conjecture that for each place v, there is a pairing , on C φ ψv × Π φ ψv and an enlargement Π ψv of Π φ ψv which allows an extension of , to C ψv × Π ψv such that π ∈ Π φ ψv ⊂ Π ψv if and only if the function ,π lies in the image of C φ ψv in C ψv . Since C ψv is abelian in our case, giving a pairing between C ψv and Π ψv is the same as giving a character of C ψv .
Note that in the unipotent case (Moeglin's case) where ψ| W F is trivial, C φ ψ = 1. Therefore, Π φ ψv consists of only one element, that is, the spherical one. So there is no non-trivial extension to Π ψv .
Eisenstein series attached to Borel subgroups.
Let α ∨ be the coroot corresponding to α ∈ Φ + (G, T ). Explicitly, for α
Here dots represent 1.
Let X(T ) (resp. X * (T )) be the character (resp. cocharacter) group of T . There is a natural pairing , :
We fix a non-trivial additive character ψ F = ⊗ v ψ Fv of A/F and let L(z, µ) be the Hecke L-function with the ordinary Γ-factor so that it satisfies the functional equation
Definition of Eisenstein series.
Let B = T U, where U is the unipotent radical. Let I(χ) be the space of functions Φ on G(A) satisfying Φ(utg) = χ(t)Φ(g) for any u ∈ U (A), t ∈ T (A) and g ∈ G(A). Then for each λ ∈ a * C , the representation of G(A) on the space of functions of the form
where f = Φ e λ+ρ B ,H B ( ) ∈ I(λ, χ) and ρ B is the half-sum of positive roots, i.e., ρ B = ω 1 + · · · + ω n . It converges absolutely for Re λ ∈ C + + ρ B and extends to a meromorphic function of λ. It is an automorphic form and the constant term of E(g, f, λ) along B is given by
where W is the Weyl group of T and
Then M (w, λ, χ) defines an intertwining map from I(λ, χ) to I(wλ, wχ) and satisfies a functional equation of the form
Let S be a finite set of places of F , including all the archimedean places such that for every v / ∈ S, χ v , ψ Fv are unramified and if
Then by applying Gindikin-Karpelevic method, we can see that for v / ∈ S,
where f v is the K v -fixed function in the space of I(wλ, wχ). For any v, let
.
We normalize the intertwining operators
Here R(w, λ, χ) satisfies the functional equation 
is holomorphic for any v. So for any v, R(w, λ, χ v ) is holomorphic for λ with Re( λ, α ∨ ) > −1, for all positive α with wα < 0. For χ = χ(µ 1 , . . . , µ n ),
We call S α a singular hyperplane. We say that E(g, f, λ) has a pole of order n at λ 0 if λ 0 is the intersection of n singular hyperplanes in general position on which the Eisenstein series has a simple pole.
For Ψ ⊂ Φ + , we define r(w, λ, Ψ) by
Observe that we have suppressed the dependence of r(w, λ, Ψ) on χ.
Definition of pseudo-Eisenstein series. We follow Moeglin [M1] and introduce pseudo-Eisenstein series. For T a maximal torus, a character χ of T (A)/T (F ) defines a cuspidal representation of T . For any w ∈ W , wT w −1 = T and so (T, wχ) is conjugate to (T, χ). Let I(χ) be the set of entire functions φ of Paley-Wiener type such that φ(λ) ∈ I(λ, χ) for each λ. Let
be the space spanned by θ φ for all φ ∈ I(wχ) as wχ runs through all distinct conjugates of χ. Let L 2 dis (G(F )\G(A)) (T,χ) be the discrete part of L 2 (G(F )\G(A)) (T,χ) . It is the set of iterated residues of E(g, φ(λ), λ) of order n and the residual spectrum attached to (T, χ). In order to decompose L 2 dis (G(F )\G(A)) (T,χ) , we use the inner product formula of two pseudoEisenstein series: Let χ and χ be conjugate characters and φ ∈ I(χ),
where W (χ, χ ) = {w ∈ W | wχ = χ }. We can assume, after conjugation,
where µ i 's are non-trivial distinct quadratic grössencharacters. Let D be the set of distinguished coset representatives in Proposition 6.2.2. Then {dχ| d ∈ D} is the set of distinct conjugates of χ. Following Moeglin [M1] , we consider the constant term of the pseudoEisenstein series:
wλ, wχ)φ(wλ).
Here w∈W M (w −1 , wλ, wχ)φ(wλ) signifies 
Proof. (1) is immediate. We note that if
If χ is a quadratic character, i.e., χ −1 = χ, then
wλ, wχ)φ(wλ).
Even though Moeglin completely analyzed the continuous spectrum as well, we will only be interested in the discrete spectrum. Let , dis be the inner product on L 2 dis (G(F )\G(A)) (T,χ) . The discrete spectrum is spanned by the square integrable iterated residues of order n of E P S 0 (φ, λ, χ). More precisely, E P S 0 (φ, λ, χ) has a simple pole on n singular hyperplanes H 1 , . . . , H n which are the poles of the L-functions in the numerator of the normalizing factor and whose intersection is λ 0 . Then we have to take iterated residue at
Let us summarize Moeglin's arguments. Here χ = 1 and we suppress it: Moeglin showed that only the points λ p , where p ∈ P (O) and O is a distinguished unipotent orbit (see Section 5), contribute the square integrable residues. She also found n singular hyperplanes H 1 , . . . , H n whose intersection is λ p . In order to take the iterated residue at
Moeglin defined the following function, for a certain Weyl group element w p ,
wλ)φ(wλ).
Poles of l p (φ, λ) in a neighborhood of λ p are contained in the local intertwining operators. She showed that l p (φ, λ p ) can be defined inductively by
. She analyzed the image of the local intertwining operator R v (w p , λ p )I v (λ p ) and verified Arthur's multiplicity formula. We will review her result in detail in Section 5.
In Section 6, we calculate the constant term of the pseudo-Eisenstein series for a general χ and show that we can reduce the calculation of the poles to that of the trivial character case and apply Moeglin's result.
The trivial character case; summary of Moeglin's result.
Moeglin [M1] completely analyzed the residual spectrum of Sp 2n , SO 2n+1 and split O 2n , attached to the trivial character of the maximal torus. Her results also completely describe continuous spectrum. Her results are that the residual spectrum of split classical groups attached to the trivial character of the maximal torus is parametrized by distinguished unipotent orbits O in G * and Springer (O), which is a set of characters of A(u) which are in the image of the Springer correspondence and
Recall that the Springer correspondence is an injective map from the set of irreducible characters of W , the Weyl group, into the set of pairs (O, η) , where O is a unipotent orbit and η is an irreducible character of A(u). We refer [Ja-Ki] for the review of her results. We just remark that since we are only interested in discrete spectrum, we need to consider distinguished unipotent orbits, i.e., r = 0. In that case we get an explicit order of the set Springer (O).
Proof. Let Symb (O) = (a 1 , . . . , a s ) (see [M1, p. 663]) , where a i = [ 
is the set of π = ⊗ v X v , where X v satisfies the following conditions:
e., η X factors through A(p). (2) X v is spherical for almost all v and archimedean places. (3) v η Xv is trivial on A(O).
Arbitrary character case.
We first do the simple case to explain our method. Sp 2n and χ = χ(µ, . . . , µ) , µ non-trivial and quadratic grössencharacter. Let Φ 1 = {e i ± e j , 1 ≤ i < j ≤ n} and Φ 2 = {2e i , i = 1, . . . , n}. Then for α ∈ Φ 1 , χ • α ∨ = 1 and for α ∈ Φ 2 , χ • α ∨ is non-trivial. Then the constant term of the pseudo-Eisenstein series is given by
The case G =
E P S 0 (λ, φ, χ) = w∈W r(w, −λ, χ)R(w −1 , wλ, wχ)φ(wλ) = w∈W r(w, −λ, Φ 1 )r(w, −λ, Φ 2 )R(w −1 ,
wλ, wχ)φ(wλ).
We note that for f ∈ Ind
is a pseudo-Eisenstein series for O 2n attached to the trivial character of the maximal torus.
Since r(w, −λ,
By the definition of W (↑, p), the poles of l p (φ, λ, χ)| V (p) is contained in r(w, −λ, Φ 1 ). Therefore we apply Moeglin's global result for O 2n in the trivial character case, i.e., [Ja-Ki] , we summarize the result on the image of the local intertwining
Theorem 6.1.1 (Theorem 3.4.7 of [Ja-Ki] 
where
So we have: 
(2) X v is spherical for almost all v and archimedean places.
General case.
For χ a non-trivial character, we can assume, after
We use the following notation throughout this section:
. We recall some basic facts from [Ki-Sh] . Let E(g, φ, λ) be the Eisenstein series associated to the character χ. Proposition 6.2.1. The Eisenstein series has a pole of order n only if r k ≥ 2 and µ i is a quadratic grössencharacter for i = 1, . . . , k.
We divide the set of positive roots Φ + as follows:
. . .
We note that the above is for G = Sp 2n . If G = SO 2n+1 , we need to add, to Φ i , e r 1 +···+r i−1 +j , j = 1, . . . , r i , for i = 1, . . . , k and in Φ 0 , 2e r 1 +···+r k +i should be e r 1 +···+r k +i . If G = O 2n , then Φ 0 does not have the roots 2e r 1 +···+r k +i , i = 1, . . . , r 0 . Φ 1 , . . . ,Φ k are root systems of type D n and Φ 0 is a root system of type
Let W i be the Weyl group corresponding to Φ i for i = 1, . . . , k and
, where λ i = a r 1 +···+r i−1 +1 e r 1 +···+r i−1 +1 + · · · + a r 1 +···+r i e r 1 +···+r i for i = 1, . . . , k and λ 0 = a r 1 +···+r k +1 e r 1 +···+r k +1 + · · · + a n e n .
We recall the following well-known result. (Carter [C] 
We apply Proposition 6.2.2 to ∆ = {e 1 − e 2 , . . . , e n−1 − e n } and θ = ∆ − {e r 1 − e r 1 +1 , e r 1 +r 2 − e r 1 +r 2 +1 , . . . , e r 1 +···+r k − e r 1 +···+r k +1 }. Let D be the set of such distinguished coset representatives.
Then the constant term of pseudo-Eisenstein series is given by
We note that
where φ d ∈ I(dχ). By the cocycle relation, we have
Then we have
We note that it has the same normalizing factors as the (C) . ) appear in that order. Take a shuffling of segments in such a way that it satisfies a certain condition (see (3.1)] ) to produce a maximum number of components, i.e., a condition on the non-vanishing of the normalized intertwining operators.
This amounts to starting with a conjugate of χ. If there is no confusion, we will still write it as χ. Then
where O i runs through distinguished unipotent orbits in O 2r i (C) 
We recall the local result on the image of intertwining operators
Theorem 6.2.1 (Theorem 3.4.10 of [Ja-Ki] 
where [ ] is defined as follows: 
Therefore we have: 
and χ give a quadratic unipotent Arthur parameter ψ and let
is the set of π = ⊗ v X v , where X v satisfies the following conditions: [Ku-Ra] .
Relation to Kudla-Rallis example
7.1. Trivial character case. Let G = Sp 2n and P = MN be the Siegel parabolic subgroup so that M = GL n . Consider the degenerate principal series I(s, χ) = Ind G P χ ⊗ exp(s, H P ( )), where χ is a trivial character of GL n . Let E(s, f, P ) be the Eisenstein series attached f ∈ I(s, χ).
Then Kudla-Rallis [Ku-Ra] showed the following:
(1) E(s, f, P ) has a simple pole at s = {0, . . . , ρ n − 2, ρ n − 1, ρ n }, where ρ n = n+1 2 and0 means that 0 is omitted in the case when n is odd. But the non-degenerate Eisenstein series attached to the trivial character of the maximal torus has more residues. We need to consider p 2 ∈ P (O). In this case λ p 2 = (λ 1 , . . . , λ n ), where
Theorem ([Ja3] ). π 3 is the Langlands' quotient of
where σ is the unique quotient of Ind
Let Unip(p 2 ) = {π 1 , π 3 }. In this special case, we have: ( These correspond to the distinguished unipotent orbits O = (q 1 , q 2 ) of O 2n (C) , where q 1 > q 2 ≥ 1. There is only one element in P (O), namely, p = (; q 1 , q 2 ). The local components of R n (Q) are the direct summands of Remark 7.1. We can show that the residual spectrum corresponding to the unipotent orbits of the form p = (; q 1 , q 2 , q 3 ), q 3 > 1, can be obtained by considering the degenerate principal series of GL l × Sp 2(n−l) , where l = n − . This means that the iterated residue of the Eisenstein series on the singular hyperplanes in S p is the residue of the degenerate Eisenstein series attached to the trivial character of the parabolic subgroup P = MN, M = GL l × Sp 2(n−l) .
We note that the degenerate Eisenstein series attached to GL n−1 × SL 2 parabolic subgroups has been studied by Jiang [Ji] . [Ki-Sh] . Theorem ( [Ki-Sh] But if µ v = 1, C φ ψv = 1 and C res v Z/2Z. Here Π res v is Unip(p 2 ) in Theorem 7.1 for p 2 = (; 3, 1, 5).
Relation to our previous work
9. Correction to our paper [Ki-Sh] . p. 401: In the Abstract, the Introduction, and also in Theorem 5.1, by the technique used in that paper, we can only claim that Π ∈ Π φ ψ appears with multiplicity, not equal to 
